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ABSTRACT

In the present work we investigate the Hojman symmetry in FLRW cosmology. In particular, we
use the Hojman symmetry to find conserved quantity of a particular cosmological gas model.

I. BRIEF REVIEW OF HOJMAN SYMMETRY

Let qi be coordinates of some physical system. We assume that they satisfy the following set of second
order ordinary differential equations [1]

q̈i = Fi (qj , q̇j , t) , (1)

where i, j = 1, . . . , N and a dot stands for a derivative with respect to time t, Fi (qj , q̇j , t) is a ”force”.
Let qi and q̃i be solutions of the same Eq. (1) (up to ε2 terms) [? ]. We assume that these solutions are
related by the following infinitesimal transformation

q̃i = qi + εXi (qj , q̇j , t) , (2)

where Xi = Xi (qj , q̇j , t) is a symmetry vector for Eq.(1). It satisfies the following set of second order
linear equations [2]

d2Xi

dt2
− ∂Fi

∂qj
Xj −

∂Fi

∂q̇j

dXj

dt
= 0 , (3)

where

d

dt
=

∂

∂t
+ q̇i

∂

∂qi
+ Fi

∂

∂q̇i
. (4)

Let the ”force” Fi satisfy the equation (in some coordinate systems)

∂Fi

∂q̇i
= 0 . (5)

Then the quantity

Q =
∂Xi

∂qi
+

∂

∂q̇i

(
dXi

dt

)
(6)

obeys the equation

dQ

dt
= 0 (7)

that is a conserved quantity for Eq.(1). Note that there exists one generalization of the last three
equations. Instead of the equation (6), let the ”force” Fi satisfy (in some coordinate systems) the
generalized equation

∂Fi

∂q̇i
= − d

dt
ln γ . (8)
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Here we assume that γ = γ(qi) is a function of qi. In this case, the quantity Q takes the form

Q =
1

γ

∂ (γXi)

∂qi
+

∂

∂q̇i

(
dXi

dt

)
, (9)

which is again a conserved quantity for Eq.(1). If γ = const., then Eqs.(8) and (9) transform to Eqs.(5)
and (6) respectively.

II. HOJMAN SYMMETRY IN MODIFIED CHAPLYGIN GAS

In this section, our aim is to find the Hojman symmetry for the Friedmann equations with the modified
Chaplygin gas (MCG). The EoS of the MCG is given by

p = γ + αρ+
β

ρn
, (10)

where γ, α, β are real constants. This formula can be rewritten as

p = γ + 3αq̇2 +
β

3nq̇2n
. (11)

Then

q̈1 = F (q̇1), (12)

where

F (q̇1) = −1

2

(
γ + 3αq̇21 +

β

3nq̇2n1

)
. (13)

Following Egs.(3)-(9) the expressions for the scale factor and Hubble parameter are

a = a0e
[ nβ
3n(3α+κ) ]

1
2(n+1) t, (14)

H =

[
nβ

3n(3α+ κ)

] 1
2(n+1)

= const. (15)

These expressions tell us that in this case the FLRW space-time turns to the de-Sitter one. The corre-
sponding expressions for the density and pressure take the form

ρ = 3

[
nβ

3n(3α+ κ)

] 1
n+1

, p = η + 3α

[
nβ

3n(3α+ κ)

] 1
n+1

+ β

[
nβ

3n(3α+ κ)

]− n
n+1

. (16)

The EoS parameter is

ω =
p

ρ
=
η

3

[
nβ

3n(3α+ κ)

]− 1
n+1

+ α+ 3−(n+1)β

[
nβ

3n(3α+ κ)

]−1

. (17)

Let us now find X1. The solution of the equation (3) for X1 we look for as X1 = εq̇1 [3].
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